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Abstract
Benchmark data are presented for the zeroth- through third-order many-body perturbation corrections to
the electronic Helmholtz energy, internal energy, and entropy in the canonical ensemble in a wide range of
temperature. They are determined as numerical λ-derivatives of the respective quantities computed by ther-
mal full configuration interaction with a perturbation-scaled Hamiltonian, Hˆ = Hˆ0 + λVˆ. Sum-over-states
analytical formulas for up to the third-order corrections to these properties are also derived as analytical
λ-derivatives. These formulas, which are verified by exact numerical agreement with the benchmark data,
are given in terms of the Hirschfelder–Certain degenerate perturbation energies and should be valid for both
degenerate and nondegenerate reference states at any temperature down to zero. The results in the canonical
ensemble are compared with the same in the grand canonical ensemble.
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I. INTRODUCTION
In a previous study [1], we reported the benchmark data for several low-order perturbation
corrections to the electronic grand potential, internal energy, and chemical potential of an ideal
gas of molecules in the grand canonical ensemble. They were determined numerically as the
λ-derivatives of the respective quantities calculated exactly, i.e., by thermal full configuration in-
teraction (FCI) [2] with a perturbation-scaled Hamiltonian, Hˆ0 + λVˆ . We call this the λ-variation
method [3]. The first- and second-order corrections evaluated by the finite-temperature many-
body perturbation theoretical formulas in a number of textbooks [4–9] were shown to disagree
with these benchmark data, implying that the theory is incorrect beyond the zeroth order and does
not converge at the exact limit. This failure was ascribed not so much to any mathematical issue as
to its neglect of the variation of chemical potential with λ, causing the average number of electrons
to fluctuate and violating the net electrical neutrality of the system as a basic tenet of equilibrium
thermodynamics [10–13].
We derived [14] the correct first-order correction formulas for the grand potential, internal
energy, and chemical potential in the grand canonical ensemble by demanding to restore the elec-
trical neutrality of the system at each perturbation order. These analytical formulas were given
in two forms: sum-over-states expressions written in terms of the energy corrections according to
the Hirschfelder–Certain degenerate perturbation theory (HCPT) [15] and reduced formulas ex-
pressed with molecular integrals and the Fermi–Dirac distribution function. They both reproduce
the benchmark data at any temperature down to zero. The latter were derived from the former
using the sum rules of the HCPT corrections and several Boltzmann-sum identities, one of which
being responsible for the same kind of massive mathematical simplifications in the zeroth-order
(Fermi–Dirac) theory. These simplifications use nothing more than elementary calculus and com-
binatorics as well as the HCPT sum rules and there is no need to resort to the Matsubara Green’s
function [16] or thermal Wick’s theorem [17] in the time-dependent diagrammatic logic, which
seems much less tractable.
Another way to restore the electrical neutrality of the system is simply to adopt the canonical
ensemble and sample only the electrically neutral states. There have been only a few attempts to
formulate finite-temperature many-body perturbation theory in the canonical ensemble of electrons
[18–20]. Arnaud et al. [18] and Scho¨nhammer [19] derived the exact thermodynamic properties
of noninteracting electrons by assuming equidistant energy levels. However, there have been no
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reports of order-by-order analytic equations or numerical values of the perturbation corrections to
various thermodynamic quantities in the canonical ensemble in a more general case. This is prob-
ably because the kind of elegant mathematical simplifications in the grand canonical ensemble,
which leads to the Fermi–Dirac theory at the zeroth order or similar analytical formulas at the first
order [14], does not seem to occur [20] in the canonical ensemble.
In this work, we use the λ-variation method [3] to determine the benchmark numerical data for
the zeroth- through third-order perturbation corrections to the Helmholtz energy, internal energy,
and entropy in the canonical ensemble of electrons in ideal gases of identical atoms or molecules.
We then present sum-over-states analytical formulas for the zeroth- through third-order perturba-
tion corrections to these thermodynamic quantities, given in terms of the HCPT energy expressions
[15]. These formulas are, again, obtained as analytical λ-derivatives of thermal FCI expressions
in a purely time-independent, nondiagrammatic derivation. We show that they exactly reproduce
the benchmark numerical data and thus form the basis of finite-temperature perturbation theory
in the canonical ensemble. We also make a comparison of the perturbation corrections of these
properties between the canonical and grand canonical ensembles.
II. THERMAL FULL CONFIGURATION INTERACTION
Let us consider an ideal gas of neutral atoms or molecules in the canonical ensemble. Its elec-
tronic partition function Z (ignoring the vibrational, rotational, and translational partition func-
tions) at temperature T is defined by
Z =
2kCN∑
I=1
e−βEI , (1)
where β = (kBT )−1 and EI is the exact (i.e., zero-temperature-FCI) energy of the Ith state. The sum
is taken over all 2kCN states with N electrons (where N is the sum of the atomic numbers in the
molecule) occupying 2k spinorbitals spanned by a set of k basis functions. The Helmholtz energy
F, internal energy U, and entropy S are related to Z by
F = −
1
β
lnZ, (2)
U = −
∂
∂β
lnZ, (3)
and
S = −kB
2nCN∑
I=1
WI lnWI (4)
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with
WI =
e−βEI
Z
. (5)
They are also related to one another by the identity,
S = kBβ(U − F). (6)
We call this computational procedure to determine the values of F, U, and S the thermal FCI
method [2], which constitutes the numerically exact electronic thermodynamics of an ideal gas
within a basis set.
III. λ-VARIATION NUMERICAL BENCHMARKS
The nth-order correction X(n) of thermodynamic property X (X = F, U, or S in this case) is
defined [3] as the nth derivative with respect to λ of the same property X(λ) determined exactly by
thermal FCI using a perturbation-scaled Hamiltonian Hˆ = Hˆ0 + λVˆ ,
X(n) =
1
n!
∂nX(λ)
∂λn
∣∣∣∣∣
λ=0
, (7)
where Hˆ0 is the zeroth-order Hamiltonian, Vˆ is the perturbation, and λ = 1 corresponds to the fully
interacting system. This exactly matches with the usual perturbation expansion of X(λ),
X(λ) = X(0) + λX(1) + λ2X(2) + . . . , (8)
forming a converging series toward thermal FCI at λ = 1. A finite-difference evaluation of X(n) for
several low orders consists in the λ-variation method [3], furnishing invaluable numerical bench-
mark data for any perturbation theory with any partitioning of Hamiltonian or any reference wave
function. There is a minimal risk of programming or formulation errors with this method.
We applied this method to ideal gases of the hydrogen fluoride molecule (0.9164 Å, N = 10, k =
6), the boron hydride molecule (1.232 Å, N = 6, k = 6), and the beryllium atom (N = 4, k = 5) in
the minimal (STO-3G) basis set. We adopted the Møller–Plesset partitioning of the Hamiltonian,
where Hˆ0 is the zero-temperature Fock operator plus the nuclear-repulsion energy. Hence, the
reference wave function was the zero-temperature N-electron ground-state Hartree–Fock wave
function. Throughout the calculations, molecular orbitals and orbital energies were held fixed.
We used the seven-point central finite-difference formula [21] at λ = 0 with the grid spacing
of ∆λ = 10−2 for the first and second derivatives (yielding the first- and second-order perturba-
tion corrections) and ∆λ = 10−1 for the third derivatives (furnishing the third-order perturbation
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TABLE I. The zeroth- through third-order perturbation corrections to the Helmholtz energy F as a function
of temperature T obtained from the λ-variation method for an ideal gas of hydrogen fluoride in the canonical
ensemble as well as the zeroth- through second-order perturbation corrections to grand potential Ω in the
grand canonical ensemble.
Canonical ensemble Grand canonical ensemblea
T/ K F(0)/Eh F(1)/Eh F(2)/Eh F(3)/Eh Ω(0)/Eh Ω(1)/Eh Ω(2)/Eh
103 −52.5749 −45.9959 −0.0173 −0.0055 −53.4112 −45.9959 −0.4353
104 −52.5749 −45.9959 −0.0173 −0.0055 −53.5117 −45.9959 −0.4324
105 −52.6717 −46.1631 −0.1466 −0.0524 −55.6365 −45.2684 −2.5815
106 −62.5554 −46.7786 −0.0165 0.0003 −105.947 −44.5256 −0.9643
107 −176.803 −46.8574 −0.0024 0.0000 −686.703 −43.1991 −0.1970
108 −1368.93 −46.8576 −0.0004 0.0000 −6804.94 −41.9847 −0.0276
109 −13309.7 −46.8555 −0.0000 0.0000 −68084.5 −41.8264 −0.0029
a Reference 1.
corrections). These parameter choices were made on the basis of an analysis of the results using
a wide range of their values. Equations (4) and (5) were evaluated when computing S (n), which
were cross-checked against U(n) and F(n) using Eq. (6).
The zeroth- through third-order perturbation corrections to the Helmholtz energy F, internal
energy U, and entropy S of the ideal gas of hydrogen fluoride in the canonical ensemble are
documented in Tables I, II, and III, respectively. They are also compared with the perturbation
corrections to grand potential Ω, internal energy U, and entropy S of the identical system in the
grand canonical ensemble [1]. Table IV shows the convergence of the perturbation series towards
thermal FCI [2]. The results are discussed in Sec. V.
The data for the boron hydride and beryllium can be found in the Appendix.
IV. SUM-OVER-STATES ANALYTICAL FORMULAS
In this section, sum-over-states analytical formulas for the zeroth- through third-order per-
turbation corrections to F, U, and S are presented. Tables V and VI compare the perturbation
corrections to F and U, respectively, calculated by these analytical formulas with the λ-variation
5
TABLE II. The same as Table I but for the internal energy U.
Canonical ensemble Grand canonical ensemblea
T/ K U(0)/Eh U(1)/Eh U(2)/Eh U(3)/Eh U(0)/Eh U(1)/Eh U(2)/Eh
103 −52.5749 −45.9959 −0.0173 −0.0055 −52.5749 −45.9959 −0.0173
104 −52.5749 −45.9959 −0.0173 −0.0055 −52.5749 −45.9959 −0.0173
105 −52.2645 −45.6944 −0.0215 −0.1665 −52.0166 −45.9479 0.0984
106 −50.6228 −46.7166 −0.0342 0.0009 −50.5964 −46.1767 −0.2198
107 −46.0028 −46.8452 −0.0037 0.0001 −45.7891 −46.2355 −0.0326
108 −42.4046 −46.8596 −0.0008 0.0000 −42.3641 −46.1180 −0.0054
109 −41.9496 −46.8557 −0.0001 0.0000 −41.9453 −46.0975 −0.0006
a Reference 1.
TABLE III. The same as Table I but for the entropy S .
Canonical ensemble Grand canonical ensemblea
T/ K S (0)/kB S (1)/kB S (2)/kB S (3)/kB S (0)/kB S (1)/kB S (2)/kB
103 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
104 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
105 1.2856 1.4801 0.3949 −0.3602 2.8344 0.2288 1.1370
106 3.7680 0.0196 −0.0056 0.0002 4.9697 0.0122 −0.0336
107 4.1304 0.0004 0.0000 0.0000 5.3498 −0.0018 −0.0004
108 4.1889 0.0000 0.0000 0.0000 5.4060 −0.0000 −0.0000
109 4.1896 0.0000 0.0000 0.0000 5.4067 0.0000 0.0000
a Reference 1.
benchmark data.
These analytical formulas are derived by analytical λ-differentiation of the exact (thermal-FCI)
expressions of the respective quantities as per Eq. (7). They are expressed in terms of the per-
turbation corrections to the FCI energies, {E(n)
I
}, where E(n)
I
is the nth-order correction to the
zeroth-order energy of the Ith state according to HCPT [15]; we cannot rely on Møller–Plesset
perturbation theory (MPPT) [22] because many excited states are exactly degenerate at the ze-
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TABLE IV. The difference of the sum of zeroth- through third-order corrections from the thermal-FCI value
[2] for the Helmholtz energy F, internal energy U, or entropy S as a function of temperature T for an ideal
gas of hydrogen fluoride in the canonical ensemble.
T/ K ∆F/Eh ∆U/Eh ∆S/kB
103 0.0030 0.0030 0.0000
104 0.0030 0.0030 −0.0001
105 −0.0133 0.0314 0.1414
106 0.0000 0.0000 0.0000
107 0.0000 0.0000 0.0000
108 0.0000 0.0000 0.0000
109 0.0000 0.0000 0.0000
roth order. For nondegenerate states, HCPT reduces to MPPT if the Møller–Plesset partitioning
of the Hamiltonian is adopted. In either case, these energy corrections conform to the canonical
definition of perturbation corrections as given by Eq. (7) with X = EI.
We have not found the kind of drastic simplification (as in the Fermi–Dirac theory) which
brings these sum-over-states formulas involving long sums over exponentially many states into
more compact ones involving much shorter sums over molecular integrals and the Fermi–Dirac
distribution function (as in the finite-temperature perturbation theory in the grand canonical en-
semble [14]). However, they may still serve in practice at low temperatures, where these long
sums may be truncated aggressively with minimal errors.
We use the following two Taylor-series expressions [14],
ea+b = ea + bea +
b2
2!
ea +
b3
3!
ea + . . . , (9)
ln(a + b) = ln a +
b
a
−
b2
2a2
+
b3
3a3
+ . . . , (10)
which are rapidly convergent when a ≫ b .
A. Zeroth order
The zeroth-order canonical partition function is given by
Z(0) =
∑
I
e−βE
(0)
I , (11)
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where E(0)
I
is the zeroth-order HCPT energy of the Ith state. It can also be written as
E
(0)
I
= Enuc. +
occ.∑
i
ǫi, (12)
where Enuc. is the nuclear-repulsion energy, ǫi is the ith orbital energy, and the summation runs
over all orbitals occupied by an electron in the Ith state.
Then, according to Eqs. (2) and (3), we have
F(0) = −
1
β
lnZ(0) = −
1
β
ln
∑
I
e−βE
(0)
I , (13)
U(0) = −
∂
∂β
lnZ(0) =
∑
I E
(0)
I
e−βE
(0)
I∑
I e
−βE
(0)
I
=
〈
E(0)
〉
, (14)
where 〈. . . 〉 denotes a canonical ensemble average,
〈
X
〉
≡
∑
I XIe
−βE
(0)
I∑
I e
−βE
(0)
I
. (15)
The zeroth-order entropy is given by
S (0) = kBβ
(
U(0) − F(0)
)
, (16)
according to Eq. (6).
B. First order
Applying Eq. (9) to Eq. (1) and collecting terms that are first order in λ, we find
Z(1) =
∑
I
(
−βE
(1)
I
)
e−βE
(0)
I , (17)
where E(1)
I
is the first-order HCPT energy correction [15] of the Ith state. Using Eq. (10), we can
write the first-order corrections to the Helmholtz and internal energies as well as entropy as
F(1) = −
1
β
Z(1)
Z(0)
=
∑
I E
(1)
I
e−βE
(0)
I∑
I e
−βE
(0)
I
=
〈
E(1)
〉
, (18)
U(1) = −
∂
∂β
(
Z(1)
Z(0)
)
= −
∂
∂β
(
−βF(1)
)
=
〈
E(1)
〉
+ β
〈
E(1)
〉 〈
E(0)
〉
− β
〈
E(1)E(0)
〉
, (19)
and
S (1) = kBβ
(
U(1) − F(1)
)
= kBβ
2
〈
E(1)
〉 〈
E(0)
〉
− kBβ
2
〈
E(1)E(0)
〉
, (20)
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where we used
∂
∂β
〈
X
〉
=
〈
X
〉 〈
E(0)
〉
−
〈
XE(0)
〉
. (21)
The last two terms of Eq. (19) individually scale quadratically with molecular size and are
non-size-consistent. It is expected (albeit not proven) that these non-size-consistent contributions
cancel exactly across the two terms, leaving only the size-consistent contribution. That this is the
case is implied by Eq. (21) because the left-hand side is size-consistent, provided that the HCPT
energy corrections are size-consistent.
Each of the terms that has at least one factor of β multiplying 〈. . . 〉 vanishes in the high-
temperature (β → 0) limit. On the other hand, in the low- and high-temperature limits, we have
lim
T→0
〈
X
〉
= X0, (22)
lim
T→∞
〈
X
〉
= X¯ ≡
∑
I XI
2kCN
, (23)
where X0 is the value of X for the N-electron ground (“zeroth”) state, and X¯ is an unweighted
average. Therefore,
lim
T→0
F(n) = lim
T→0
U(n) = E
(n)
0 , (24)
lim
T→∞
F(n) = lim
T→∞
U(n) = E¯(n), (25)
lim
T→0
S (n) = lim
T→∞
S (n) = 0. (26)
where n = 1. In fact, they hold for n = 2 and 3 (see below) and likely for all n ≥ 1.
C. Second order
Expanding Eq. (1) into the form of Eq. (9) and collecting terms that are second order in λ, we
obtain
Z(2) =
∑
I
(
−βE
(2)
I
+
β2
2
E
(1)
I
E
(1)
I
)
e−βE
(0)
I , (27)
where E(2)
I
is the second-order HCPT energy correction [15] of the Ith state. Using Eq. (10), we
find
F(2) = −
1
β
Z(2)
Z(0)
+
1
2β
(
Z(1)
Z(0)
)2
=
〈
E(2)
〉
−
β
2
〈
E(1)E(1)
〉
+
β
2
〈
E(1)
〉 〈
E(1)
〉
, (28)
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and
U(2) = −
∂
∂β
(
−βF(2)
)
= F(2) + β
∂F(2)
∂β
=
〈
E(2)
〉
− β
〈
E(1)E(1)
〉
+ β
〈
E(1)
〉 〈
E(1)
〉
+β
〈
E(2)
〉 〈
E(0)
〉
− β
〈
E(2)E(0)
〉
−
β2
2
〈
E(1)E(1)
〉 〈
E(0)
〉
+
β2
2
〈
E(1)E(1)E(0)
〉
+β2
〈
E(1)
〉 〈
E(1)
〉 〈
E(0)
〉
− β2
〈
E(1)
〉 〈
E(1)E(0)
〉
, (29)
which also utilized Eq. (21). The second-order entropy correction then reads
S (2) = kBβ
(
U(2) − F(2)
)
= −
kBβ
2
2
〈
E(1)E(1)
〉
+
kBβ
2
2
〈
E(1)
〉 〈
E(1)
〉
+kBβ
2
〈
E(2)
〉 〈
E(0)
〉
− kBβ
2
〈
E(2)E(0)
〉
−
kBβ
3
2
〈
E(1)E(1)
〉 〈
E(0)
〉
+
kBβ
3
2
〈
E(1)E(1)E(0)
〉
+kBβ
3
〈
E(1)
〉 〈
E(1)
〉 〈
E(0)
〉
−kBβ
3
〈
E(1)
〉 〈
E(1)E(0)
〉
, (30)
according to Eq. (6).
Again, those terms containing a factor of β or β2 individually violate size-consistency, but
the non-size-consistent contributions are expected to cancel one another exactly, leaving a size-
consistent remainder. In fact, the foregoing expressions are reminiscent of Brueckner’s bracket
notation [22–24], which was used to prove the diagrammatic linkedness and thus size-consistency
of zero-temperature MPPT.
The high- and low-temperature limits of the second-order corrections are given by the same
equations (24)–(26) with n = 2. It will furthermore be shown that E¯(2) = 0 (see Sec. V).
D. Third order
Following the same procedure, we obtain the third-order correction to the canonical partition
function, which reads
Z(3) =
∑
I
(
−βE
(3)
I
+ β2E
(1)
I
E
(2)
I
−
β3
3!
E
(1)
I
E
(1)
I
E
(1)
I
)
e−βE
(0)
I .
(31)
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The third-order corrections to the Helmholtz and internal energies are given by
F(3) = −
1
β
Z(3)
Z(0)
+
1
β
Z(1)
Z(0)
Z(2)
Z(0)
−
1
3β
(
Z(1)
Z(0)
)3
=
〈
E(3)
〉
− β
〈
E(1)E(2)
〉
+
β2
3!
〈
E(1)E(1)E(1)
〉
+β
〈
E(1)
〉 〈
E(2)
〉
−
β2
2
〈
E(1)
〉 〈
E(1)E(1)
〉
+
β2
3
〈
E(1)
〉 〈
E(1)
〉 〈
E(1)
〉
, (32)
and
U(3) = −
∂
∂β
(
−βF(3)
)
= F(3) + β
∂F(3)
∂β
=
〈
E(3)
〉
− 2β
〈
E(1)E(2)
〉
+
β2
2
〈
E(1)E(1)E(1)
〉
+2β
〈
E(1)
〉 〈
E(2)
〉
−
3β2
2
〈
E(1)E(1)
〉 〈
E(1)
〉
+β2
〈
E(1)
〉 〈
E(1)
〉 〈
E(1)
〉
+ β
〈
E(3)
〉 〈
E(0)
〉
−β
〈
E(3)E(0)
〉
− β2
〈
E(1)E(2)
〉 〈
E(0)
〉
+ β2
〈
E(1)E(2)E(0)
〉
+
β3
3!
〈
E(1)E(1)E(1)
〉 〈
E(0)
〉
−
β3
3!
〈
E(1)E(1)E(1)E(0)
〉
+2β2
〈
E(1)
〉 〈
E(2)
〉 〈
E(0)
〉
− β2
〈
E(1)
〉 〈
E(2)E(0)
〉
−β2
〈
E(1)E(0)
〉 〈
E(2)
〉
− β3
〈
E(1)E(1)
〉 〈
E(1)
〉 〈
E(0)
〉
+
β3
2
〈
E(1)E(1)
〉 〈
E(1)E(0)
〉
+
β3
2
〈
E(1)E(1)E(0)
〉 〈
E(1)
〉
+β3
〈
E(1)
〉 〈
E(1)
〉 〈
E(1)
〉 〈
E(0)
〉
−β3
〈
E(1)
〉 〈
E(1)
〉 〈
E(1)E(0)
〉
. (33)
We will not give the lengthy expanded expression of S (3) here because it is easily reproduced from
S (3) = kBβ
(
U(3) − F(3)
)
. (34)
The non-size-consistent contributions (the terms multiplied by a power of β) are, again, ex-
pected to mutually cancel one another. The high- and low-temperature limits are also the same as
Eqs. (24)–(26) with n = 3 and E¯(3) = 0 (see Sec. V).
V. DISCUSSION
Table I shows that the free energies in the canonical (F) and grand canonical (Ω) ensembles
[1] differ considerably from each other. At any temperature, the nth-order (0 ≤ n ≤ 2) pertur-
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TABLE V. Comparison of the zeroth-, through third-order corrections to the Helmholtz energy F obtained
from the λ-variation (numerical) method and sum-over-states (analytical) formulas as a function of temper-
ature T for an ideal gas of hydrogen fluoride in the canonical ensemble.
F(0)/Eh F
(1)/Eh F
(2)/Eh F
(3)/Eh
T/ K Numericala Analyticalb Numericala Analyticalb Numericala Analyticalb Numericala Analyticalb
104 −52.5749 −52.5749 −45.9959 −45.9959 −0.0173 −0.0173 −0.0055 −0.0055
105 −52.6717 −52.6717 −46.1631 −46.1631 −0.1466 −0.1466 −0.0524 −0.0524
106 −62.5554 −62.5554 −46.7786 −46.7786 −0.0165 −0.0165 0.0003 0.0003
107 −176.803 −176.803 −46.8574 −46.8574 −0.0024 −0.0024 0.0000 0.0000
108 −1368.93 −1368.93 −46.8576 −46.8576 −0.0004 −0.0004 0.0000 0.0000
109 −13309.7 −13309.7 −46.8555 −46.8555 0.0000 0.0000 0.0000 0.0000
a The λ-variation benchmark, i.e., Eq. (7).
b The sum-over-states analytical formula, i.e., Eq. (13), (18), (28), or (32). The first-, second-, and third-order HCPT
energy corrections were evaluated by the λ-variation method as forward seven-point, seven-point, and five-point
finite differences, respectively, with ∆λ = 10−3.
TABLE VI. The same as Table V but for the internal energy U.
U(0)/Eh U
(1)/Eh U
(2)/Eh U
(3)/Eh
T/ K Numericala Analyticalb Numericala Analyticalb Numericala Analyticalb Numericala Analyticalb
104 −52.5749 −52.5749 −45.9959 −45.9959 −0.0173 −0.0173 −0.0055 −0.0055
105 −52.2645 −52.2645 −45.6944 −45.6944 −0.0215 −0.0215 −0.1665 −0.1665
106 −50.6228 −50.6228 −46.7166 −46.7166 −0.0342 −0.0342 0.0009 0.0009
107 −46.0028 −46.0028 −46.8452 −46.8452 −0.0037 −0.0037 0.0001 0.0001
108 −42.4046 −42.4046 −46.8596 −46.8596 −0.0008 −0.0008 0.0000 0.0000
109 −41.9496 −41.9496 −46.8557 −46.8557 −0.0001 −0.0001 0.0000 0.0000
a The λ-variation benchmark, i.e., Eq. (7).
b The sum-over-states analytical formula, i.e., Eq. (14), (19), (29), or (33). See the corresponding caption of Table V
for the evaluation of the HCPT energy corrections.
12
bation approximation to Ω (i.e., the sum of zeroth- through nth-order perturbation corrections) is
always more negative than the corresponding perturbation approximation of F. The majority of
the difference is accounted for by the µN¯ contribution (where µ is the chemical potential and N¯
is the average number of electrons canceling the positive nuclear charge). While these two en-
sembles should be equivalent in the limit of large volume [25], with a minimal volume containing
one molecule, the two sets of the results are far from convergence, suggesting that the canonical
ensemble may not be used interchangeably with the grand canonical ensemble if there is any pos-
sibility of an electron hopping from one molecule to another, even though the charge neutrality of
the system is always maintained in both ensembles [1].
Even in the zero-temperature limit, F(n) and Ω(n) generally differ from each other except for
n = 1. This is because we can write the limits [14] as
lim
T→0
F(n) = E
(n)
0 , (35)
lim
T→0
Ω
(n)
= E
(n)
0 − µ
(n)N¯, (36)
where E(n)0 is the nth-order correction to energy according to MPPT in the case of a nondegenrate
N-electron ground-state wave function or HCPT in the case of a degenerate N-electron ground-
state wave function. Only in the first order for a nondegenerate ground state, µ(1) = 0 and, there-
fore, F(1) = Ω(1) at T = 0 [14].
The incorrect formulas for Ω(1) and Ω(2) (not shown) in various textbooks [1] give values that
are more similar to F(1) and F(2) in the canonical ensemble, but are far from the correct values
of Ω(1) and Ω(2) reproduced in Table I. This is understandable because the grand-canonical the-
ory in textbooks neglects to vary µ, while the canonical ensemble does not have µ in the first
place. However, it should be remembered that the canonical ensemble of a neutral system is valid
thermodynamics, whereas the grand canonical ensemble of a massively charged system is not.
Comparing the Helmholtz (F) and internal (U) energies in the canonical ensemble compiled in
Tables I and II, we observe that F(n) = U(n) at T = 0 for 0 ≤ n ≤ 3. In fact, since
F(n) = U(n) − TS (n), (37)
this is expected to hold true for any n.
Table II shows that the internal energies U(n) in the canonical and grand canonical [1] ensembles
converge at the same zero-temperature limit for any n. This is again expected because
lim
T→0
U(n) = E
(n)
0 , (38)
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in both ensembles.
As the temperature increases, U(n) tends to two distinct limits depending on the ensembles. In
the canonical ensemble, the high-temperature limit of U(n) is the average of E(n)
I
over all N-electron
states [2]:
lim
T→∞
U(n) =
∑
I E
(n)
I
2kCN
, (39)
where the denominator is the total number of N-electron states. In the grand canonical ensemble,
U(n) has a different limit [2],
lim
T→∞
U(n) =
∑
I E
(n)
I
{N/(2k − N)}NI∑
I{N/(2k − N)}NI
, (40)
where I runs over all states whose electron count NI ranges from zero to 2k (k is the number of
basis functions) [2]; it is not a simple average of energies. In either case, these limiting behaviors
are often an artifact of a finite number of basis functions, and are dependent on k.
In the canonical ensemble, we observe
lim
T→∞
U(n) = 0 for n ≥ 2. (41)
This is explained by the similarity-invariance of trace. Equation (39) means that U(0) + U(1) is the
trace of the Hamiltonian in the complete N-electron determinant basis divided by 2kCN , which is
already exact in the finite basis set. Therefore, U(2) and higher-order corrections are zero in this
limit. We believe that this is not an artifact of a finite basis set; an ensemble average of energy has
less correlation because of mutual cancellation of correlation energies among ground and excited
states, which tends to null correlation in the high-temperature limit.
In a finite-basis theory [2], we have
lim
T→0
S = 0, (42)
lim
T→∞
S = kB ln 2kCN . (43)
The former follows from Nernst’s theorem and the latter (entropy saturation) is a finite-basis-set
artifact. These relations in conjunction with Eq. (7) imply
lim
T→0
S (n) = 0, (44)
lim
T→∞
S (0) = kB ln 2kCN , (45)
lim
T→∞
S (n) = 0 for n ≥ 1, (46)
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which are numerically verified in Table III.
Entropy is always greater in the grand canonical ensemble than in the canonical ensemble at any
temperature, which is intuitive, but the behavior of its perturbation corrections is hard to predict.
Table IV lists the deviation of the sum of zeroth- through third-order corrections from the
thermal-FCI value for F, U, and S at various temperatures. In all cases, it shows rapid convergence
of the perturbation series. An exception occurs at 105 K, where the third-order perturbation theory
has an error of 13mEh for F, 31mEh for U, and 5% for S . The slow convergence coincides with
the rapid rise in F, U, and S at around 105 K, which roughly corresponds to the lowest excitation
energy of the hydrogen fluoride molecule in the minimal basis set [2]. Below this temperature,
the convergence of F and U is essentially the same as that of zero-temperature MPPT (which also
has an error of 3mEh at the third order). Above this temperature, the convergence is extremely
rapid, which may be interpreted to support the notion that strong correlation can be more easily
described at higher temperatures even by perturbation theory. It may instead be an artifact of the
smallness of the basis set used.
Tables V and VI underscore the numerically exact agreement between the sum-over-states an-
alytical formulas and the λ-variation benchmark data for F(n) and U(n) (0 ≤ n ≤ 3). It mutually
verifies the analytical formulas and the precision of the λ-variation calculations at all temperatures
studied.
Similar observations can be made to the benchmark data of the perturbation corrections for the
boron hydride and beryllium atom, which are recorded in the Appendix.
VI. CONCLUSIONS
We have documented the benchmark data for the zeroth- through third-order perturbation cor-
rections to the Helmholtz energy, internal energy, and entropy in the canonical ensemble for several
ideal gases of atoms or molecules in a wide range of temperature.
We have also presented the sum-over-states analytical formulas for these perturbation correc-
tions expressed in terms of HCPT energy corrections. These benchmark data and analytical for-
mulas have been mutually verified by exact numerical agreement. We have not found a kind of
mathematical reduction that compresses the sum-over-states formulas in the grand canonical en-
semble to the formulas expressed in terms of molecular integrals and the Fermi–Dirac distribution
function [14].
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The perturbation corrections to the internal energies are close to each other between the canon-
ical ensemble and grand canonical ensemble, when both maintain the charge neutrality [1]; they
may be used interchangeably. The perturbation corrections to the free energies (Helmholtz energy
in the canonical ensemble and grand potential in the grand canonical ensemble) are, on the other
hand, rather different because of the µ(n)N¯ contribution in the latter.
For these two reasons (the lack of mathematical reduction and the poor convergence to the grand
canonical ensemble for the smallest volume), the utility of the canonical ensemble for electrons
may be somewhat limited for computing the free energy.
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Appendix: λ-variation numerical benchmarks for BH and Be
Tables VII through IX document the zeroth- through third-order perturbation corrections to
the Helmholtz energy F, internal energy U, and entropy S , respectively, for an ideal gas of the
boron hydride molecule (1.232 Å) in the STO-3G basis set in the canonical ensemble. Tables X
through XII compile the same for an ideal gas of the beryllium atom in the STO-3G basis set in
the canonical ensemble.
These data, along with the one presented in the main text, are hoped to serve as a useful bench-
mark for testing or calibrating analytical formulas or other approximations.
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